We address the free motion of a negatively buoyant particle inside a viscous fluid, in the vicinity of a thin compressible elastic wall, a situation that arises in a variety of technological and natural settings. We use scaling arguments to establish different regimes of sedimentation and sliding, and then use thin-film lubrication dynamics to determine an asymptotic theory for the sedimentation, sliding, and rolling motions of a cylinder that takes the form of three coupled nonlinear singular-differential equations. Numerical integration of the resulting equations confirms our scaling relations and further yields a range of unexpected behaviors. Despite the low-Reynolds feature of the flow, we show that the particle can spontaneously oscillate when sliding, can generate lift via a Magnus-like effect, can ricochet, and also show an unusual sedimentation singularity. Finally, we use simple generalization of our model to account for poroelasticity, and also address a sedimentationsliding transition that can lead to the particle coasting over very long distances, similar to certain geophysical phenomena.
The sedimentation of a heavy solid in a fluid has been studied thoroughly as the dynamics of settling and sliding are relevant to a range of phenomena across many orders of magnitude, such as landslides [1] , earthquakes [2] , avalanches [3] , lubrication of cartilaginous joints [4] [5] [6] , and motion of cells in a microfluidic channel [7] or in a blood vessel [8] . Following the early study of the dynamics of settling when the solid moves normally to the wall [9, 10] , additional effects such as the influence of the boundary condition [11] , and its role on drag [12] , viscometry [13] , and bouncing [14] , and more recently, the effects of elasticity in such contexts as granular impact [15] , polymer-bearing contacts [16] , theoretical models for soft lubrication and settling on a soft porous bed [17] [18] [19] , interaction with adhesive walls [20] , and self-similar contact [21] , have been studied. In all these phenomena, the minimal model of motion relates to that of a solid object immersed in a viscous fluid in the vicinity of a soft elastic or poroelastic wall. Perhaps surprisingly, the general theory for the free motion of a rigid solid close to a soft wall -which has as its degrees of freedom the ability to simultaneously sediment, slide, and spin -does not seem to have been considered. These modes naturally arise in many applications such as particle capture, joint lubrication, etc. Here, we study this problem in a minimal setting and describe the essential scalings and qualitative features, develop a soft lubrication theory that complements these scaling ideas, and solve the resulting equations numerically to characterize the broad range of possible behaviors.
We consider the system depicted in Fig. 1 that consists of the free gravitational fall of a long cylinder of radius r, mass per unit length m = πr 2 ρ cylinder , and buoyant mass per unit length m * = πr 2 (ρ cylinder − ρ fluid ) > 0, where the ρ are the respective densities as indicated, inside a fluid of viscosity η. The system is assumed to be invariant along y, i.e. we limit ourselves to planar motions wherein the cylinder has three degrees of freedom: the gap δ(t) between the cylinder and the undeformed wall along z, the tangential coordinate x G (t) of the cylinder axis along x, and the angle θ(t) that some fixed axis in the cylinder makes with a fixed orientation in the lab. We assume that the motion of the cylinder occurs in the vicinity of a wall that is inclined at an angle α ∈ [0, π/2] with respect to the horizontal direction, and coated with a soft elastic layer of thickness h s , and Lamé's coefficients µ and λ, and denote by δ s (x, t) the deformation of the fluid-wall interface.
We further assume that the cylinder starts its motion at time t = 0, with δ(0) = δ 0 = r r, and possibly nonzero initial translational and angular velocity. Due to this scale separation between the normal and tangential dimensions with δ(t) l(t), we are in the lubrication regime [22] , where the fluid viscous shear stresses are small relative to the flow-induced pressure p(x, t) which itself vanishes far from the contact zone as x → ±∞. The tangential extent l(t) of the flow-induced pressure disturbance scales as l(t) ∼ rδ(t) r, so that as for Hertzian contact [24] , we can assume a parabolic shape of the deformed interface and the total gap profile may be written as:
The thin soft compressible wall may also be treated via a lubrication-like theory for elastic deformations since h s l(t), so that the algebraic displacement δ s (x, t) of the fluid-wall interface is simply obtained from linear elastic response to the local flow-induced pressure disturbance [17, 18] :
To characterize the motion of the cylinder near the inclined thin soft wall, we need to calculate the dominant fluid drag created by the flow-induced pressure field in the contact zone, which is driven by the tangential fluid velocity u(x, z, t) along x. We non-dimensionalize the problem using the following choices:
, and θ = Θ √ 2 , where we have introduced the sedimentation velocity scale c = 2grm * /m, and the dimensionless parameter:
that measures the ratio of the free fall time mr /(m * g) and the viscous damping time m 3/2 /η [10] . With these definitions, the dimensionless gap profile given by Eq. (1) becomes:
where the dimensionless compliance is:
To remain in the linearly elastic regime for the wall deformation, we assume that κ 1. Before delving into a detailed analysis, we first derive some scaling relations for the dynamics of the system. Following the steady-state analysis [17, 18] , we observe that the tangential motion along X, at height ∆, and with velocityX G , induces a dimensionless lift force ∼ κX 2 G /∆ 7/2 . Balancing this scaled lift force with the scaled gravity, ∼ ξ −1 cos α, yields an estimate for the stable sliding height of the cylinder given bỹ
. Furthermore, a small perturbation about this equilibrium position suggests that the balance between gravity and softness will cause the cylinder to oscillate with dimensionless frequency ∼ ∆−1 cos α, although viscous damping will cause these oscillations to decay [10] over a dimensionless time ∼∆ 3/2 /ξ. When gravity is weak, i.e. ξ 1, the lift force dominates and the particle neither sediments nor reaches equilibrium. In fact, when the cylinder is subject to an initial spin at a rateΘ > 0, a Magnus-like effect [23] can lead to the particle lifting away from the substrate, as we will see shortly. Moreover, the lubrication flow-induced pressure field that normally resists sedimentation [12] , and can generate lift [17, 18] , could in principle be buffered by the soft substrate in certain cases, thus potentially resulting in a enhanced sedimentation scenario. Indeed, it is the wall elasticity that is at the origin of all these inertial effects, even at low Reynolds number.
To go beyond this scaling theory, we note that in the thin gap limit, the governing Stokes equation for incompressible viscous flow reads (in scaled form) as [22, 25, 26] :
together with no-slip boundary conditions,
Then, volume conservation of the fluid implies that:
Solving Eq. (6) with the above boundary conditions, and invoking Eq. (7), yields the following equation for the evolution of the gap:
For the cylinder, the total pressure-induced drag is:
where we have used the fact that the normal vector to the cylinder surface is n ≈ e z − x−xG r e x . Similarly, the shear drag force on the cylinder along the e x axis is given by:
When the dimensionless compliance κ 1, we may employ perturbation theory in this parameter [17, 18] , using the following expansion for the pressure, P = P (0) + κP (1) , where and (10), leads to the following expressions for the perpendicular drag along e z and the two parallel components along e x :
Knowing the dominant elastohydrodynamic drag forces acting on the cylinder, we use Newton's laws to write down the coupled nonlinear differential equations for the translational and rotational motions of the cylinder as it settles, slides and rolls down the incline:
We note the presence of a singularity in the Painlevé-like equations as the scaled gap vanishes, and further that the lubrication pressure-induced torque vanishes since the corresponding forces act along the radii of the cylinder; this would not be the case for a soft cylinder near a rigid wall, which will deform asymmetrically. The behavior of the solutions to Eq. (12) are governed by four dimensionless control parameters corresponding to a scaled gravity ξ, an incline angle α, a scaled compliance κ 1, and a scaled gap 1. In Fig. 2 , we show that when the cylinder is released along a steep incline, it slides along it uniformly even as it spontaneously oscillates, although these oscillations are damped out; indeed, the envelope decays over a dimensionless time that is consistent with our earlier scaling estimate,∆ 3/2 /ξ ∼ 6.4, for the chosen parameters. In Fig. 3 , we show that when the cylinder is started with a spin, it lifts off the soft wall via a Magnus-like effect even as it slides along a horizontal wall, consistent with our earlier expectation.
Next, we turn to examine the role of the singularity in the equations when the highest order "mass" term vanishes, which occurs at the three critical heights, respectively: In Fig. 4 , we show the evolution of the height when a relatively heavy cylinder is released above a horizontal soft wall. We see that it sediments at an enhanced rate relative to the case of a rigid wall. This is due to the fact that when the cylinder reaches the largest critical height ∆ c1 < 1 of Eq. (13), the vanishing "inertial mass" leads to an infinite acceleration [30] . Similarly, when ∆ c1 > 1 and∆ < 0, the singularity may instead occur at ∆ c3 > ∆ c2 . In Fig. 5 , we show that when a relatively heavy cylinder is released with spin and horizontal velocity, it can ricochet by rebounding even as it sediments.
Having addressed the case of a cylinder moving close to an impermeable soft wall, we now turn to the case when the soft wall is fluid-permeable but the rigid wall below is not, as seen in many biological and geological situations [18, 19, [27] [28] [29] . To analyze this case, we introduce the volume fraction φ of fluid in the porous wall, the bulk modulus β −1 µ of the solid porous matrix (with µ now being the composite shear modulus of the poroelastic medium), and the isotropic Darcy permeability k. In addition, we assume that the pore size ∼ √ k is small in comparison with the wall thickness h s .
The fluid-permeable wall introduces a new time scale associated with flow-induced stress relaxation given by τ p ∼ ηh in the wall is in equilibrium with the outside and a purely elastic theory suffices, so that Eq. (2) is modified to read:
which simply corresponds to a small effective softening due to the presence of a volume fraction φ of fluid in the poroelastic wall. In contrast, if τ τ p , the inner fluid has no time to adapt and we find that the wall has an effective stiffening, with (2µ + λ) → φ/β, so that:
The key result is that in both cases there is a purely local elastic response to the driving pressure field. Therefore, all our previous results directly apply to these limiting poroelastic cases as well, provided we use the transformation:
We conclude with an attempt to characterize the sedimentation-sliding transition in a falling cylinder. Our scaling estimates suggest that the cylinder can stably slide at a height that scales as∆ ∼ κξX
, as confirmed in Fig. 2 . Furthermore, if for instance ∆ c1 < 1 in Eq. (13), ∆ c1 fixes the singular sedimentation height, as illustrated in Fig. 4 . The balance of those two dimensionless heights yields the threshold tangential velocity, X threshold G ∼ √ cos α, above which sliding becomes possible (see SI for details). For instance, with a metersized body, this reasonably corresponds to a ∼ 1 m/s threshold velocity. We note that, although the presence of an elastic wall is crucial in the underlying mechanism, the elastohydrodynamical details do not appear in this purely gravitational expression. Numerical simulations of Eq. (12), with = κ = 0.1, ξ = 1, and α = π/4, confirm a sedimentation-sliding transition at this threshold initial velocity (see Fig. S1 ); once initiated, the observed sliding motion eventually reaches a long-term steady-state (see 
which directly reflects the balance between purely viscous damping and gravity in the tangential component of Eq. (12) . Naturally, these results are valid as long as∆ remains sufficiently smaller than ∼ −1 , so that the lubrication approximation holds; this criterion corresponds to a terminal velocityẊ ∞ G being smaller than ∼ cos α/ κξ 7/2 .
Our letter shows that when a particle moves close to a deformable wall, the flow-induced pressure field tends to exert a drag force, but it also deforms the wall, which may in turn increase the gap and reduce this drag, as well as create a supplementary lift. This leads to a complex and rich zoology of inertial motions that link sedimentation, sliding, and rolling, despite the inertialess motion of the fluid. While the fully three-dimensional motion of a sphere, or other solid, will have three additional degrees of freedom, we expect that many of the qualitative scaling features that we have uncovered will persist in this case as well. A natural next step is to test our results experimentally and generalize them to three dimensions.
